The focus of the article is on the analysis of effective elastic properties of planar Solid Oxide Fuell Cell (SOFC) devices. An ideal periodic multi-layered composite (SOFC-like) reproducing the overall properties of multi-layer SOFC devices is defined. Adopting a non-local dynamic homogenization method, explicit expressions for overall elastic moduli and inertial terms of this material are derived in terms of micro-fluctuation functions. 
Introduction
Fuell cells are one of most promising small-scale power generation systems which can play an important role in meeting the increasing global demand of renewable energy.
These devices convert the chemical energy of fuels directly into electrical energy achieving an high energy conversion efficiency (50-60%).
In solid oxide fuel cells (SOFC), a layer of doped ceramic materials is used as electrolyte. The solid-state electrolyte is sandwiched between two high-temperature endurable porous-media electrodes (Bove and Ubertini, 2008) . The choice of the materials for these components depends on the operating temperature, typically included in the range 600-1000°C (Pitakthapanaphong and Busso, 2005) , and a detailed review of the most commonly used options in SOFC fabrication and their operative implications is reported in Zhu and Deevi, 2003, Brandon and Brett, 2006. The operating principle of SOFC devices is analogous to that of lithium ions battery (Hajimolana et al. 2011) : the oxidant (oxygen) is supplied to the cathode, where it receives electrons from an extern electrical circuit and then reduces to oxygen ions. The oxygen ions pass through the electrolyte and reach the anode surface where they combine with the Due to the high operating temperature, the SOFC components are subject to severe thermomechanical stresses which can cause damage and crack formation compromising the performance of the devices in terms of power generation and energy conversion efficiency (Atkinson and Sun, 2007, Kuebler et al., 2010) . Modelling the mechanical properties of solid oxide fuell cells represent a crucial issue in order to predict these phenomena and then to ensure the successful manufacture and reliability of the system.
Despite this, most of the work in this field has been concentrated on the electrochemical rather than the mechanical aspects of the SOFC materials (Kakac et al., 2007 , Colpan et al., 2008 . Relatively few studies on the mechanical behaviour and failures of the SOFC components have been performed. Most of them regard the mechanical properties of individual materials that constitute the SOFC rather than the overall behaviour of the multi-layered structure. To the author's knowledge, a rigorous quantitative study regarding the overall elastic and inertial properties of the multi-layered SOFC is still unknown in literature.
The principal aim of this paper is to provide exact analytical expressions to estimate the overall elastic moduli and inertial terms of multi-layered SOFC devices. With this purpose, an ideal periodic multi-layered composite (SOFC-like) reproducing the overall properties of multi-layer SOFC reported in Figure1 is introduced in the paper.
The static and dynamic properties of composite materials having periodic microstructure, such as SOFC-like media here introduced, have been intensively studied by means of multi-scale approaches (Kim et al., 2009 , Salvadori et al., 2014 . Indeed, in order to obtain a synthetic mechanical description of periodic materials it is necessary to consider different scales of observation introducing homogenization techniques. These approaches associate to the considered heterogeneous material at the micro-scale, described by a standard Cauchy continuum, an equivalent homogenous medium at the macro-scale. The behaviour of the equivalent macroscopic material can be described by means of a first order continuum or alternatively a non-local medium (see Bakhvalov and Panasenko, 1984) .
In the cases where the size of the microstructural components is not negligible with respect to the structural dimension, as for the considered SOFC-like periodic medium, the standard approach based on first order homogenization may present some disadvantages.
Generalized continua such as multipolar (second gradient, e.g. Smyshlyaev and Cherednichenko, 2000 , Bacigalupo and Gambarotta, 2013a , Bacca et al. 2013a the others), micromorphic (Cosserat, e.g. Forest and Sab 1998 , Forest and Trinh, 2011 , De Bellis and Adessi, 2011 , Adessi et al. 2013 , among the others) and structured deformations Owen, 2003, 2010) continua may provide better results by introducing characteristic lengths in the constitutive model. Moreover, spatial and temporal multiscale asymptotic homogenization techniques can be successfully used to perform both static and dynamic thermo-mechanical analysis in heterogeneous multiphase materials (Zhang et al., 2007 , Kanoute et al., 2009 , Schrefler et al., 2011 .
In order to estimate overall elastic moduli together with global inertial constants, in this work the introduced periodic SOFC-like material is treated by means of the non-local dynamic homogenization approach developed in Bacigalupo and Gambarotta, 2013b and Bacigalupo, 2014 . This method allows us to derive the exact expressions for overall elastic and inertial constants taking into account characteristic size effects and dispersion induced by microstructure.
The homogenization results are used to study the effects of the temperature variation on overall elastic and inertial properties of the SOFC. These effects are of particular relevance in order to predict the behaviour of the devices subject to both room temperature and high operative temperature. Moreover, analytic dispersion functions for the acoustic waves are determined using the overall constants derived by homogenization procedure, and the effect of the temperature on waves propagation is also analyzed. The obtained results have been compared with those provided by rigorous Floquet-Bloch theory; a few notes are reported in Appendix B of the paper. Floquet-Bloch approach is also adopted to estimate the influence of the temperature on the high frequency propagation branches which cannot be determined by means of standard homogenization procedures. The variation of the Bloch spectrum caused by lacking of centro-symmetry in the periodic cell due to different elastic properties of the anode and the cathode is analyzed and its physical implications are discussed in details.
The article is organized as follows: in Section 2, the geometry of the idealized periodic SOFC-like material is illustrated, the local equation of motion describing the microdisplacement, micro-strain and micro-stress fields is introduced., and the macroscopic quantities characterizing the second gradient equivalent continuum are defined.
Exact expressions for the overall elastic moduli and inertial terms are obtaind by means of dynamic homogenization procedure in Section 3. In the same Section, analytical dispersion relations for acoustic waves in the equivalent second gradient material are derived. The acoustic wave propagation in SOFC-like materials is studied in Section 4. As just anticipated, the results obtained using the homogenization approach is tested by means of a comparison with Floquet-Bloch theory. Finally, a critical discussion about the obtained results is reported together with conclusions in Section 5.
Multi-scale modelling of periodic materials
Let us consider a multi-layered composite (planar SOFC-like) having periodic microstructure as shown in Figure 2 .a and subject to small strains; each of its constituent elements is modelled as an elastic Cauchy continuum (non-linear constitutive equations may be considered if incremental approaches are adopted). The material point is identified by vector position A to the structural size. However, in cases where the absolute size of the microstructure has a relevant influence on the mechanical behavior it is convenient to introduce an equivalent non-local continuum such as for example second gradient or micromorphic continua. The overall elastic moduli and inertial terms of a homogeneous second gradient continuum equivalent to periodic fuel cell reported in Figure 2 are derived following the approach recently proposed by Bacigalupo and Gambarotta, 2013b and Bacigalupo, 2014 . Following this method, the overall elastic and inertial proprieties of the second gradient continuum are expressed in terms of geometrical and mechanical properties of the microstructure by means of an asymptotic expansion for the micro-displacement. The asymptotic expansion is performed in terms of the parameter  , that keeps the dependence on the slow variable x separate from the fast one ξ such that two distinct scales are represented (Bakhvalov and Panasenko, 1984) .
Considering the second gradient continuum (Mindlin, 1964 ) the macro-displacement
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U x is the first-order strain, and
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Second order dynamic homogenization
In this Section, elastic and inertial constants of the homogeneous second gradient continuum equivalent to a planar oxide fuel cell with periodic microstructure reported in Figure 1 are derived in explicit form by means of second order homogenization approach recently developed by Bacigalupo and Gambarotta, 2013b and Bacigalupo, 2014 . The derived overall elastic moduli and inertial terms are then used in order to obtain analytic expressions for dispersion relations for acoustic waves.
Asymptotic analysis of micro-displacement field
The micro-displacement field is represented in the classical form  
considered in asymptotic homogenization, where x and ξ play the role of slow (macro) and fast (micro) coordinates. According to Bacigalupo and Gambarotta, 2013b and Bacigalupo, 2014 the displacement may be approximated by the truncated second order asymptotic series as follows
that is the superposition of the macro-displacement   ,t U x , and a complementary displacement field representing the micro-fluctuation due to the material heterogeneities.
The complementary field depends on the first and second gradient of the macro- 
where the constants 
and the comma notation is used to indicate differentiation with respect to the fast variable ξ . According to the asymptotic approach proposed by Bakhvalov and Panasenko, 1984 (3), this effect may be taken into account through pseudo-forces as Dirac-delta functions centrate at the interfaces.
Overall proprieties in homogeneous second gradient continuum
A combination of the variational and asymptotic techniques applied at the weak form of equation (1) is used to derive the second gradient homogenized equations and therefore the overall elastic moduli and inertial terms of the equivalent homogeneous material. The variational problem corresponding to equation (1) is obtained by the Hamilton's principle
where  is the Lagrangian functional, T is the kinetic and  the potential energy functional, respectively. The averaged Lagrangian functional with respect to the parameter
Note that expression (6) is derived assuming that the precise "phase" of the microstructure with respect to the body force is generally unknown and a family of translated microstructures should therefore be considered (see also Smyshlyaev and Cherednichenko, 2000) .
If the displacement is restricted to the class of functions II u having the form (2) and the Hamilton's principle is applied at the averaged Lagrangian functional (6), the minimization problem is written in the form
where the averaged functional depends on the macro-displacement   ,t U x .
The Euler-Lagrangian equation, associated to the variational problem (7), is truncated at the third order in the static part and to the fifth order in the inertial part (see Bacigalupo and Gambarotta 2013b) . This approach is in analogy with the idea proposed in Wang and Sun, 2002 and Huang, 2007 , where higher order terms were considered to obtain an accurate description of the micro-inertia effects while the constitutive parameters were assumed within the classical (first-order) description. Accordingly, in the present approach the inertial terms are defined considering the contribution of the micro-accelerations associated with the second-order strain   2 ,
where
effective elastic moduli and the effective inertia parameters of the second gradient continuum, respectively and the comma derivative notation is referred to the slow variable.
The overall elastic moduli defined through equation (8) 
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It is important to note that if the material is homogeneous in the periodic cell, i.e. the 
where indices ,   are not summed. Equation of motion (12) at the macro-scale can be rewritten in the analogous form In order to obtain the dispersion functions, let us seek solutions to equation (13) 
Making the limit for    (large wavelengths) of equation (14), the dispersion relation corresponding to a classical first order continuum is derived, i.e. 
obtains the following dispersion relation
and for 0 n  this dispersion function takes the form of equation (14 (14), (15) and (16), respectively.
Overall elastic moduli and inertial terms corresponding to periodic material shown in Figure 2 have been explicitly derived by means of second order dynamic homogenization technique. In next Section, these results are used together with dispersion relations (15), (16) and (17) in order to study acoustic waves motion in SOFC-like device.
Acoustic waves motion in planar SOFCs-like devices
Let us consider solid oxide fuel cell (SOFC) having periodic micro-structure as shown in Kuebler et al., 2010) . The mass density for all the components is assumed To estimate the reliability and the validity limits of the non-local dynamic homogenization method here proposed, the dispersion functions (15), (16) Table 1 and Table 2 , respectively. The It is important to observe that the curves obtained by SDHP that disregards the term 4  (blue line) in equations (14) and (15) 
This can be observed in Figure 5 and 6 where the dispersion curves associated to 0 n  and 1 n  are plotted, respectively. It is important to note that, as expected, the dispersion functions (14) and (15) Table 1 . Indeed, in this Table one can observe that the characteristic lengths along the layer are greater than those associated to the normal direction.
Furthermore, in direction normal to the layer, both the phase and group velocities differ very little from the ones obtained by considering the classical continuum and reported in Table 2 . In Figure 7 it is shown that the acoustic branch of the Bloch spectrum is weakly dependent by the temperature T . Indeed, the behaviour of both the phase and group velocity in the second gradient continuum obtained for 21 C T  do not influence significantly the qualitative behaviour of the Bloch spectrum. As it can be observed in Figure 8 , the temperature affect slightly the high-frequency branches of the Bloch spectrum. The band-gaps amplitude increases with the temperature. This is due to the fact that the velocity of propagation of both shear and compressional waves in first order homogeneous continuum decreases with an increasing of the temperature. Kuebler et al., 2010) . The mass density for the components is assumed 3 1 2 3 4 7 g cm
The velocity of the waves along direction m in the classical equivalent continuum is derived solving the following eigenvalue problem (Bedford and Drumheller, 1994) In order to study the pass and stop frequency bands, the Bloch spectrum corresponding to the periodic material reported in Figure 4 is fully obtained and analysed. In Figure 9 some differences between the Bloch spectra corresponding to Cell A and Cell B can be noted in the high frequencies branches. At low frequencies, the variation of elastic moduli of cathode and anode constituents ( 4 2 20 GPa E E   ), do not induce significative differences in the corresponding dispersion curves. 
Conclusions
Exact expressions for the overall elastic moduli and inertial terms of the second gradient continuum equivalent to multi-layered SOFC-like materials have been derived by means of dynamic homogenization procedure. The proposed approach allows a synthetic description of the size effects on mechanical properties of SOFC devices, avoiding the general local solution of dynamic problems in this kind of heterogeneous material and the connected challenging computational problems. The equivalent non-local continuum here defined by the homogenization method is particularly appropriate for modelling the SOFC's response in presence of strong stress gradients. From the waves propagation analysis it emerges that the difference between the velocity of dispersive waves along the layers and the corresponding one in the classical continuum is much higher compared to the corresponding results referred to the propagation along the normal direction to the layers. This means that the non-local effects quantified by the characteristic lengths are more relevant along the layer direction, whereas they are negligible in normal direction of the layer. The values of both the phase and group velocity is detected to be weakly dependent by the temperature of the media. 2  1  2  1  2  1  2  1  2  1  , , , 1  2  1  2  1  ,  ,   2  1  2  1  2  1  2  1  2  1  , , , 
